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Abstract 



We have calculated the first-order /3-functions for a a-model ( with 
d I dilaton) dualized with respect to an arbitrary Lie group that acts 

without isotropy. We find that non-abelian duality preserves confor- 
mal invariance for semi-simple groups, but in general there is an extra 
contribution to the /3-function proportional to the trace of the struc- 
ture constants, which cannot be absorbed into an additional dilaton 
shift. Two particular examples, a Bianchi V cosmological background 
and the ^ (8) ^ WZW model, are discussed. 



Typeset by M^2e 



1 Introduction 

The subject of target space duality (also called "T-duality") has been impor- 
tant in the study of string models, because of, for example, compactification 
issues and the inter-dependency of the model dynamics on different scales 
and for different manifolds. But historically, duality was performed with 
respect to an abelian isometry group. 

During the last couple of years, non-abelian duality received significant 
attention. While formally rather similar to the abelian case, it poses several 
problems that have been successfully solved for abelian Lie groups, but be- 
come much more difficult for non-abelian ones. The inverse transformation, 
the transformation group, and the connection to the conformal properties of 
the cr-models are among those problems. 



This paper provides the lacking explicit proof [|12] that the target space 
duality spoils the conformal invariance only if the isometry group of the 
original conformal background has structure constants that are not traceless. 

The outline of the paper is as follows. In section |^ we briefly summarize 
the formulae relevant to the subject of non-abelian duality transformations. 



For extensive reviews of both abelian and non-abelian duality, see [0, [T^, 
|T3|. The method that has been used to calculate the 1-loop /3-functions is 
explained in section ^ and is followed by the explicit derivation valid for 
arbitrary duality groups (that act without isotropy). Following this, in 
section |^ we work out two examples of cr-models that underwent non-abelian 
duality transformation. The summary and discussion are in the section p. 



2 Non- Abelian Duality 

Suppose that we are given the usual a-model action, with a background that 
can be decomposed as follows (£^ = g + b):[] 

Sa = ~Jd'a\^e"'{x^')S^„{x')e^{xn + e^{x'')S^,ix')dx^ (2.1) 

+ 9x^^i„(x^)e"(x^) + dx'£ijix')dx^ - ^R^^)^ 



^ As explained in |l|, this is the most general case without isotropy; this restriction 
is made purely to simplify the computations, but there is no reason to believe that our 
results are not general. 



where e"* = e^ ^{x^)dx^ and e"* = e^ ^{x^)dx^ represent the coordinate 
frames that obey the Maurer-Cartan equation 

de™ + ^/™ePAe'' = (2.2) 

with /™ being the structure constants of some Lie group Q. Equivalently, 
the generators of Q 

act as the Kilhng vectors on the background fields S and $ |TT|, |^: 

Crg = 0, Crh = dw, Cr^ = 0, (2.4) 

where vu is some 1-form. When the action S^j is invariant without total 
derivative terms, the ^-isometry of Eq. ( pTTP can be gauged by introducing 
covariant derivatives with the ^-valued gauge fields v±± = v^_^Tm. 

d^V = d + v^ and 3 ^ V = d + v=, (2.5) 

otherwise one needs to follow the procedure of [|10] . Note that e"^ by itself is 
a pure gauge: 

e'"^(x^)9x^ = Tr {T'^g-'dg) , (2.6) 

which means that one can pick the "unitary" gauge [^ 

g = 1 <^==^ x'^ = (in suitable coordinates) (2-7) 



for the model ( |2.1| ), and reobtain the original iS^ by adding the following 
extra term to the action: 

Sx = -\j rfV [ A„^™ ] , where ^™ = Bv'l - dvt - v^f^y^ (2.8) 

The equations of motion 5S\/5Xm = require the gauge field strengths JF™ 
to vanish, thus constraining f ™ to e™ and f ™ to e™. 

To perform a duality transformation on the a-model described by 
Eq. ( pTT|) and Eq. ( p.8|) means to promote the A^'s that were introduced as 
mere Lagrange multipliers to regular coordinates of the dual space-time by 
using the equations of motion for t>!^, f™ to integrate f™j_ out of the action 
functional 

5Jx'^ = 0,x\<J +5a (2.9) 



This transformation gives rise to the dual action: 



S = -\ I d^aUdK 






^. 



+ S^.dx'dx^ - ^R(2) 



-'ij'- 



[£qq' + Kfgq'J [^^n + £njdx^ 



$ + lndet(^^„ + Ap/P„) 



(2.10) 



It can be identified as the a-model action with the dual coordinates x™ = Am, 
£* = x* and the dual dilaton field $ = $ + Indet (Smnix^) + x'^fmn) 

For the rest of this paper, all the quantities arising from the dual a-model 



([2:Tq) will be labeled by "hats'^ 



3 Confer mal Invar iance and Sigma- Mo dels 

If one thinks of cr-models as strings propagating in the potential of some 
background fields (a space-time manifold and dilaton matter comprise a par- 
ticularly popular choice), then consistency requires the a-model to be con- 
formally invariant not only on the classical, but also on the quantum level 
(for a review see e.g. [^ ^). The 1-loop /5-functions are known to be: 



A 



07 



ay - v-,v„s 



"* = 3^(^-« 



crit, 



+ 



y^f + 2v^$ - r(~) - -H^ 

6 



(3.1) 
(3.2) 



where Hq,^^ is the torsion tensor and V and R'^"-' are the covariant derivative 
and scalar curvature for the connection uj^~'> defined by Eq. ([4.2|) . Note that 
/3^ and /?* are not independent, since, by using the Bianchi identities, one 
can derive that, provided /3f = 0, 



v,p' 



-2V"/?; 










(3.3) 



which means that /5* is a c-number and can always be set equal to zero, 
once /3f is known to vanish |^. Thus one can concentrate one's efforts on 
Eq. (O). 



4 Calculating the Beta-Functions 

Probably the easiest way to calculate the dual /3-functions is to use the 
Buscher's method p|: to consider non-abelian duality transformation of the 



N=l supersyinmetric extension of the a-model given by Eq. ( |2.1| ). We intend 
to benefit from the well-known fact that the component action of N=l a- 
models consists (after the elimination of the auxiliary fields) of purely bosonic 
part corresponding to Eq. ( |2.1| ), 2-fermion coupling to the bosonic connection 
and 4-fermion coupling to the bosonic Riemann tensor: 



SN=^ = -^ I d^cxD,D_ 
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= -\jd'a\^-S^^{x'')dx^dx^ + ^^l^^^r-^tKi-f,\s (4.1) 



where the connections in the cartesian coordinates are defined as 

1 , . , 1 

2 lga/3,7 + Sa7,/3 ~ g/37,") ^ ^ 



^Q,/37 - o (Sa/3,7 + Sa7,/3 ~ g/37,") '^ o (^0/3,7 + b^a,/3 + b/37,a) (4-2) 



The following steps are involved in the procedure: 

1. Write down the component action for the total extended N=l action 

>-> ^ '^ a, gauged + '-'A- 

2. Dualize S at the component level, with the unitary gauge (Eq. ( p.7|) 
and (|4l^ ) ) fixed. 

3. Identify the dual connections and curvatures in terms of the original 
ones, using the equations of motion for the super gauge field. 

These steps are equivalent to dualizing the superfield A as a whole, which 
produces the background fields identical to the ones of a bosonic model 
Eq. ( |2.1U| ). This is the reason for the validity of the relations for the connec- 
tions and curvatures that we obtain on the step 3. 

We define our notation for the N=l super Yang-Mills theory in 2 dimen- 
sions as follows [d = d^, d = d=): 

{D+, D_} = {D^, D^} = 29±± (4.3) 

V± = Z^± + r± r± = r^r^ ( see Eq. (2.3)) 

{V+, V_} = W {V±, V±} = 2V±± = 2 (a±± + r±±) (4.4) 



The covariant component fields are defined as: 

v±w\ = G± r±±|=t;±± r±| = c± 

and the rules of covariant differentiation are 






-9tT^" + 5>^T^''m 



d^^n + S>TT^''n.id,e'^n)e%^P 



After removing the auxiliary fields W\, V+V-Am| and V+V- 
extended action 



(4.5) 



(4.6) 



the N=l 



S 



Sa + Sa 



-i / rfW+V- 



SapV ^ 



- / rfVV+V- [K^W' 



becomes 



/3./,7,/,<5-d(-) 



-r+r+r-r-'R'~^,s 



Sa 



d'a 






V /-q \ 



^^+^G^-^^^G^ 
+ \m {dvl - dv^ - vlf^^yjj + Kj;:^ {GIC- - G'X 
after we have discarded the total derivatives 



(4.7) 



(4i 



(4.9) 



(4.10) 



The calculation will be significantly simplified in orthonormal frames, which 
we always can choose to have the following "triangular" form: 



E 



M 



E 



M 



{x')e"',{xn 



E^i = E*\-(x' 



E' 







i — -t^ i 

E\, = E'Ax' 



(4.11) 



Due to the above choice, the block form oi Q = E ^ is: 



e/^, 



E 



M 






M — [-^ Hj 

After fixing the unitary gauge (see Eq. 

0^ = 0^x^ = and C± = e""/.^^ = Vr 
S = Scr + S\ takes the following form: 

- vlE^'p (1 + b)pQ E'^.vl - vlE^'p (1 + h)p^ E'^.Bx^ 

- dx'E^, (1 + b)^Q E'^gvi - dx'E^i (1 + b)^^ E'^ ^dx^ 

+ G!;^^^'^^ (1 + b),,^ vi/^ + G^^i (1 + b)^^ E*^„ I 



1 



For our future convenience, we define these matrices: 



j^PQ 



W 



^mL 



((1 + b) 



pq 



MM' 



05 



C 



MM' 



\-l 



PQ 



TPQ = [1 - 2Mf^ , note that (T)^ = (T)"' 
The dual orthonormal frames are equal to: 

E^, = QPqM"^^ E^, = - {Er,hjQ + EQ\Cq,q) M^^ 



E'=0 



E' 



E' 



with 



{d±±X) 



<5±±Ap + Efd±±x^ 



p 



R^V'ip + Err± 



{d±±xy = {d±±xy 



(4.12) 



(4.13) 



(4.14) 



(4.15) 



(4.16) 



(4.17) 

(4.18) 
(4.19) 



The equations of motion for the gauge components v±± and G± 

m% = ^2 and ^^ = T'^^^^ 

If we extend the definition of T onto all indices as following: T^"^ : 
'-£iQ = 'Y^J = 0, we can compactly write 



^^ 



M and ^^ = T^^^^ 



The contribution from the f-quadratic term equals 



vIE^Mp'qEQ.vI 



,A,j,B, ,{-) 



MQP 



{dXf - dx'E^i + ^^^>X;sQj 
-{dX)^MR\> - dx^E^j (1 - b + £)^p + ^^^^cu^+^p 
Finally, we can write down the dual component action: 

S = -\J d'a[-{dXrMlQ{dXf - {dXy (1 + b),, {dxy 
- {dXfMpQE^je'jidXy + {dXy&jE^MlgidXf 

- {dxye\ (e^^CpqE^, + E^^hpjE', + E^hiQE"^,) Q'Adxy 

'co^A'UdXy + oo^^-j.pT^'^idXy 



yield 

(4.20) 
= 1 and 

(4.21) 
(4.22) 



+ 4f^d^^ + ^^^^ 



+ T^^'^^d{T 



AA",i,A"\ , r^AA^f,A'^pSB^f,B',^(+) tgx\C 



^^ 



+ -^HfT^^'4/^'T^^'^^' 



^ABCD + ^A,BP^-'^' ^C,DQ 



It gives us the sought relations: 



^A,BC 



'^A,BC'T 



UJ 



{+) 

A,BC 
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cc;l,t)R,^T'^'^T^'^ + T^^e-^^T^^ 



-'A',B'C- 



'C 



(9a;^ 



,(-) 



ABC'D' + ^A,BP^-'^' ^C',D' 



P0„,(+) 



Q 



■^C'CrpD'D 



(4.23) 



The contribution to the dual /9-functions from the dilaton shift $ 
be easily calculated if one observes that 



Indet [S, 



^P, ,A„/,^)= Indet (E^,e^, 
Then, using the formula In det = Tr In, we can find that 



e^ 



_d_ 
dx"- 



Indet [Spq + \ml 



rm 
ipq 



^M,AM ~ '^M,Am) ~ '^imn^ A 



(4.24) 
(4.25) 
(4.26) 

$ can 

(4.27) 

(4.28) 



Also, it's easy to see that due to the relations Eq. ( |2.4| ) and Eq. ( |4.24| ), 

VbVb$ = [ Vd'^b^ ] T^'^ (4.29) 

Now, using the fact that 

^BD — y^BD' ~ ^QBQD'J ^ + \^I,BP ~ ^I,BP) ^I,PD + ^QBQD l^.dUJ 

we arrive after some algebra to the central result of this work 

/3bd = /^BD'T^'"' + Vd [2/™„e"B(xO] (4.31) 

Note that for non-semi-simple Lie groups with /^^ 7^ 0, the right hand side 
of Eq. ( 4.31 ) can not in general be compensated by adding an extra piece to 



the dilaton field, unless for some particular case 

e"B(x') = VbT(s'^) (4.32) 

5 Applications 

In this section we demonstrate two particular cases of non-abelian duality 
transformation that have been discussed in the literature. 

First, the example of Bianchi V as a non-semi-simple subgroup of the 
5*0(3, 1) Lorentz group in 4 dimensions 0]. Second, the duality of the vector- 
gauged Q ®Q WZW model for arbitrary semi-simple group [|T| . 

5.1 Non- Semi- Simple Group 

In the paper 0, the authors pointed out one particular Bianchi-type non- 
semi-simple group, where conformal invariance of the dualized a-model could 
not be achieved by any correction to the dilaton. They discussed the follow- 
ing initial background configuration: 

x^ = {x,y,z} = |x\x^,x^| x' = {t} = lx^\ 
fi2 = /i3 = 1 the rest is zero (5.1.1) 

g^p = diag (t^ fe-^^, ee-^\ -l) b,^ = $ = 

We have explicitly checked that an attempt to resolve the equation 

V^ (VbT - 2/™„e"B) = (5.1.2) 

leads to the same unsatisfiable condition 1/t^ = that have been reported 
in 0. 



5.2 g(^g WZW Model 



The vector-gauged Q^Q WZW Model for semi-simple Q was considered in 
Ijl], H, [10| as an example of a model without isotropy: 



<Sg(g)g[g,x] 



2n 



dVTr 



+ kS^^ 



x\ 



(5.2.1) 



The dual action in this case is 
k 



S 



2tt 



-C 



ni ^2 



o 



dy^ + ^x-^dxY' (l + Ap/P)-i„aA" + fc5^^[x], (5.2.2) 



where in the group representation IZ, Ti{T^T^) = C^6mn and the WZW 
action 



kS, 



wz 



x\ 



k 

2^ 
k 

477 ' 



- /rfVTr [x-^dx x-^dx) + Tj^[x] 



C'^l d'a 



{x-^dx^ ® {x~^dxy 



(5.2.3) 



+ (h^^) (x-'dxrA(x-^dxy 



This calculation becomes relatively simple exercise in differential geometry 
techniques |l^ after one chooses the frame 

where k = {1 + Xpf)'^ and x"" = A„ (5.2.4) 






M 



Ax" 



1 '- \M 



l + nf\fpQE'AE<^ 



(5.2.5) 



2\- ■ -/ n JPQ 

Specifics of this concrete problem prompt us not to go for the orthonormal 
frames. It's easy to see that n = Ai^ (c.f. Eq. ( [4.17| )). The values of dual 
connections: 



^^-^'jp = {^- ^yjip 


u:^~^\p = {2k - l)\f]p 


^^-^""jP = -^\fMP 


^^-^'\P = {'^^'JIp - 2 


(b^-^^BK = 





2«:^Ja%) (5.2.6) 

(5.2.7) 

agree with the values obtained by suitably modified (c.f. Eq. ( |5.2.4|) ) proce- 
dure, described above. The dual derivative of the dilaton shift equals 

Qm Indet (1 + XpD = k'^qJ^^, (5.2.8) 

One can check, using the Jacobi identities and the relations 

l-«: = «:(A^n = (A™n«: (5.2.9) 

that the dual background is, indeed, 1-loop conformally invariant. 



6 Conclusions and Discussions 

We have provided the proof that non-abehan duahty respects the conformal 
invariance of cr-models if the duahzed isometry corresponds to a semi-simple 
Lie group. In the non-semi-simple case, an anomaly 0, |ll| arises in the 
Jacobian of duality transformation and violates the conformal invariance. 
While formally our proof works only for the case without isotropy, we strongly 
believe that our result should be valid in general. We plan to address the 
isotropy case in the future. 

Clearly, not all of the properties of abelian transformations can be recov- 
ered in the much more complex environment of non-abelian duality, which, 
unfortunately, is not sufficiently understood at the present time. Specifically, 
it is of great interest to investigate the nature of the symmetries in the space 
of Conformal Field Theories that are exhibited by the target-space duality. 
Also, it seems to be useful to classify non-semi-simple groups that due to 
some "accident" preserve the conformal invariance of the original a-model, 
since they might have some physical significance M. 
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